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Abstract 


In this paper, we mainly dicuss the analytic conditions of coposi- 
tivity of a class of 4th order 3-dimensional symmetric tensors. For a 
Ath order 3-dimensional symmetric tensor with its entries 1 or —1, an 
analytic necessary and sufficient condition is given for its strict copos- 
itivity with the help of the properties of strictly semi-positive tensors. 
And by means of usual maxi-min theory, a necessary and sufficient 
condition is established for copositivity of such a tensor also. Apply- 
ing these conclusions to a general 4th order 3-dimensional symmetric 
tensor, the analytic conditions are successfully obtained for verifying 
the (strict) copositivity, and these conditions can be very easily parsed 
and validated. 
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1 Introduction 


One of the most direct applications of 4th order copositive tensors 
is to verify the vacuum stability of the Higgs scalar potential model 
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[1-6]. In the graph theory, the mth order copositive tensors may be 
directly applied to estimate the bounds on the independent number of 
m-uniform hypergraph [3, 7-9]. The concept of copositive tensors was 
introduced by Qi [10] in 2013, which is usually applied to a symmetric 
tensor or, more precisely, to its associated Homogeneous polynomial of 
degree m. 


Definition 1.1. Let T = (t;,4,.,) be an mth order n dimensional 
symmetric tensor. T is called 


(i) positive semi-definite ( [11]) if m is an even number and in 
the Euclidean space IR", its associated Homogeneous polynomial 
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(ii) positive definite ( [11]) if m is an even number and Tx™ » 0 

for all x € R” \ {0}; 

(iii) copositive ( [10]) if Tx™ > 0 on the nonnegative orthant R^ ; 

(iv) strictly copositive ( /10/) if Tx" > 0 for all x € Rẹ X {0}. 
Clearly, the positive semi-definite tensors must be copositive, and 

a copositive tensor coincides with a copositive matrix if m = 2. The 
concept of copositive matrices was introduced by Motzkin [12] in 1952. 
Baston [13] gave an analytic way of judging copositivity of a n x n 
matrix in 1969. 


Theorem 1.1. (Baston [13]) Let M — (mij) be a symmetric matriz 
with |m;;| = mi; = 1 for alli, j € {1,2,--- ,m). Then the matriz M is 
copositive if and only if there is no triple (r, s,t) such that 


Mrs = Mrt = Mst = —1. 


Simpson-Spector [14] and Hadeler [15] and Nadler [16] and Chang- 
Sederberg [17] and Andersson-Chang-Elfving [18] respectively showed 
the (strict) copositive conditions of 2 x 2 and 3 x 3 matrices using 
different methods of argumentation. 


Theorem 1.2. Let M = (mij) be a symmetric matriz. Then a2 x 2 
matrix M is (strictly) copositive if and only if 


mı 0 (> 0), ma» >0 (> 0), m2 + ./m11M22 > 0 (> 0); 
a3x3 matrix M is (strictly) copositive if and only if for alli € {1, 2,3}, 


Mii = 0 (> 0),a = m1 + f/m11™M22 > 0 (> 0), 
B = mi3 + ymm > 0 (> 0), y = mas + /maamz3 > 0 (> 0), 
m3124/m33 + m434/m22 + M23V/M11 + /m11m23m3s + Vy 2aBy > 0 (> 0). 


Schmidt-He6 [19] provided the nonnegative conditions of a cubic 
and univariate polynomial with real coefficients in non-negative real 
number R4}, and Qi-Song-Zhang [20] recently gave the positivity of 
such a cubic polynomial, which actually gave a the (strict) copositivity 
of 3rd order 2-dimensional symmetric tensor (see Liu-Song [21] for 
more details also). Qi-Song-Zhang [20] also gave the nonnegativity and 
positivity of a quartic and univariate polynomial in R, which means the 
positive (semi-)definitiveness of 4th order 2-dimensional tensor. Ulrich- 
Watson [22] and Qi-Song-Zhang [20] presented the analytic conditions 
of the nonnegativity of a quartic and univariate polynomial in R+}. This 
actually yielded the copositivity of 4th order 2-dimensional symmetric 
tensor [4]. 


Theorem 1.3. A 3rd order 2-dimensional symmetric tensor T = 
(tijk) is (strictly) copositive if and only if t111 > 0 (> 0), t222 > 0 (> 
0), either 0112 > 0, t122 > 0 or 


Atiiitios + 4t? tore 12,4024 — 6t111t112t122t222 — 302,542, > 0 (> 0). 


A 4th order 2-dimensional symmetric tensor T = (tijxt) with t1111 > 0 
and t2222 > 0 is copositive if and only if 


A X 0, ti222Vt1111 + t1112 Vt2222 > 0; 

t1222 > 0, t1112 > 0, 3t1122 + Vt1111t2222 > 0; 

Ac. 

[1112/02222 — t1222 / hii] € vV/ 6t 1iti12202222 + 2t1111t2222 V/ l1102222 
(i) — Vtuiit2222 € 311122 € 3Vt1111t2222; 

(ii) t1122 > V/i111t2222 and 

tri12V/te222 + ti222Vt1111 > — V 6t1111t1122t2222 — 2t1111t2222 Vt1111t2222, 


where A = 4 x 12? (ti111t2222 — 4t1112t1222 + 3024553)? 
— 1722 x 8 (t111101122122224-2011120112211222— t7122 141212222 111101222) ^. 


For a special 4th order 3-dimensional tensor given by the particle 
physical model, Qi-Song-Zhang [23] presented a necessary and suffi- 
cient condition of copositivity, and Song-Li [4] provided an analytic 
condition of its copositivity. However, an analytic necessary and suf- 
ficient conditions has not been found for the copositivity of a general 
3-dimensional higher order tensor (m > 2). Even for a general 2- 
dimensional higher order tensor (m > 3), people still has not found 
the analytic conditions of strict copositivity untill now. 

For checking the copositivity of symmetric tensors, various nu- 
merical algorithms have been employed. For example, Chen-Huang- 
Qi [3, 24] gave the detection algorithms based on simplicial partition; 
Li-Zhang-Huang-Qi [25] used an SDP relaxation algorithm; Nie-Yang- 
Zhang [7] devised a complete semi-definite algorithms. Taking ad- 
vantage of the properties of a tensor itself, the copositivity can be 


described qualitatively. Song-Qi [26] showed a necessary and sufficient 
condition of copositivity by means of the principal sub-tensors; Song- 
Qi [27] applied the sign of its Pareto H-eigenvalue (Z-eigenvalue) to 
test the copositivity. Song-Qi [28] proved the equivalence of (strict) 
copositivity and (strict) semi-positivity of a symmetric tensor. 


Theorem 1.4. (Song-Qi [28]) Let T = (t;,1,..4,) be a symmetric 
tensor. Then T is (strictly) copositive if and only if T is (strictly) 
semi-positive, i.e., for each £ = (z1,22,::- , £n)! € R^ \ {0}, there 
exists k € (1,2,--- ,n} such that 


£j > 0 and (Tz ^ 5), = p» Uis. Lig ^i viu, Z 0 (> 0). 
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For more details of the copositivity of a higher order tensor and 
a matrix, see [8, 29-37]. Since there are strong connection between 
the semi-positivity of a tensor and the tensor complementarity prob- 
lems [26, 38-40], so the copositivity of a symmetric tensor may be ver- 
ified by solving the corresponding tensor complementarity problems. 
For more details about the tensor complementarity problems and its 
applications, see Refs. [41—59]. 

Motivation to checking the copositivity of a higher order tensor, we 
mainly dicuss analytic necessary and sufficient conditions of copositiv- 
ity of a class of 4th order 3-dimensional symmetric tensors in this paper. 
With the help of Theorem 1.4, we first promote Theorem 1.1 to ones 
of 4th order 3-dimensional symmetric tensors, which gives an analytic 
necessary and sufficient condition of strict copositivity of such a class of 
tensors (Theorem 3.4). Secondly, we present an analytic necessary and 
sufficient condition of copositivity of such a class of tensors (Theorem 
3.8). Finally, applying Theorems 3.4 and 3.8, the analytic sufficient 
conditions (Theorems 3.9, 3.10 and 3.11) are successfully proved for 
(strict) copositivity of a general 4th order 3-dimensional symmetric 
tensor also. 


2  Copositivity of 4th order 2-dimensional 
symmetric tensors 
Let T = (t,..i,,)(t; = 1,2,...,n,7 = L,2,..., m) be a mth-order n- 


dimensional symmetric tensor. Then for x = (z1.275,::- ,24) | € IR", 
we write 


and Tz"-! = (yi,ys,--- , Yn)! is a vector with its components 
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Let f(x1, £2) be a quartic homogeneous real polynomial about two 
variables x1, x», 
f(z1,22) = x1 + 4ax122 + 65x22 + 4cr, 23 + 2$. (1) 


Then it gives a 4th-order 2-dimensional symmetric tensor T = (tijxi) 
with its entiries, 


t1111 = l, t1112 = Q, t1122 = b, t1222 = C, t2222 = 1. (2) 


By Theorem 1.3, the following lemma can be obtained easily. 


Lemma 2.1. Let T = (tijk) be a 4th-order 2-dimensional symmetric 
tensor given by (2). Then T is copositive, i.e., f(x1, x2) > 0 for all 
x = (21,22)! > 0 if and only if 
(1) A’ € 0 and a-- c» 0; 
(2) a 20, c2 0 and 1-4- 3b 2 0; 
(3) A > 0, |a—c| € V6b+2 and 
(i) —1 < 3b < 3, 
(ü) b>1 anda+c> —V6b— 2, 
where A = 4x 123A’, A’ = (1—4ac--30?)? —27(b+2abc—b? — c? —a?)?. 


Lemma 2.2. Let T = (tijk) be a 4th-order 2-dimensional symmetric 
tensor with its entires |t;;i| = 1 and t1111 = t2222 = 1. Then T is 
copositive if and only if either 


b = t122 = 1 or a = t1112 = t1222 = C = 1. 


Proof. It follows from Lemma 2.1 that 7 is copositive if and only if 
(1) A’<Oanda+c>0; 
(2) a > 0, c > 0 and 1 + 3b > 0; 
(3) A’ > 0, ja — c| € V6b+2 and —1 < 3b < 3;. 
Since |t;;47| = 1, then the conditions (1)-(3) mean 


(1) A^ < 0 and a =c=1 & a= c= 1 and either 


b=1,4 = (1 -4+ 3)? -27(1-2-1 1-1)? = 0, 


or 


(2)a=c=1andb=1,; 

(3) A’ > 0, |a — c| € V6b+2 and b = 1 & b = 1 and either ac = 1, 
A’ = (1-443) —27(14-2-1-1—-1)? = 0,|a—c| = 0 < V6b+2 = V8; 
or ac = —1, 

A' = (1-443? —27(1-2—-1—1-1)? > 0, ja—c| 2 2 < V6b4+2= V8. 


So the conditions (1)-(3) are equivalent to 


b=lora=c=l. 


This completes the proof. 


Corollary 2.1. Let T = (tijkı) be a 4th-order 2-dimensional symmet- 
ric tensor with its entires t1111 > 1 and tg229 > 1. Then 


(1) T is strictly copositive if 
t1112 > 1,061222 2 1, t1122 2 —1; 
(2) T is copositive if 
51112 = —1,6222 > —1, t1122 È 1. 
Proof. Let x = (#1,22)' > 0. Then 
Tat = tunsi + Atiiar122 + 6011221122 + At12223122 + 0222223. 


(1) It is obvious that 


Ta^ >x} + 43x — 6zz2 + 42,03 + x3 


—(z? + 92)? + Axx2 (12 — 21122 + 73) 


=(x? + zy? + 404 29(21 — r2)”. 


So Txt > 0 for x > 0 and x ¥ 0. Suppose not, then there exists 
x = (21,22)! Æ 0 such that 7 z^ = 0, and hence, 


0=Tx' > (x? + z2)? + 421 29(x1 — v3)? > 0. 
That is, 
(x? + x2)? + 41 20(21 — 22)? = 0, 


which means z? +25 = 0, i.e., x1 = x2 = 0, a contradiction. Therefore, 
T is strictly copositive. 
(2) For any x > 0, it follows from Lemma 2.2 that 


Tat > ct — Aarne + 6ricd — Aziz +25 > 0. 


So, 7 is copositive. This completes the proof. 


For a 4th-order 2-dimensional symmetric tensor A = (aijx1) with 
its entires a1111 > 0 and ag222 > 0, let t1111 = t2222 = 1 and 
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t1112 = 011120111102222; t1122 = 011220111102222; 01222 = 012220411102222- 
T T 2 E T 
CA — ES 4 4 
For y = (y1, ye) and z = (z1,22)' = (ajiiV1 0222392). , then 
4 4 3 2,2 3 4 
Ay =a1111Y1 + 4011129192 + 601122192 + 40122291 Yo + 0222292 
4 2,2 4 
S21 + Ati 20322 + 6ti122£1 13 + 4112221133 + To 
=Tat. 
Obviously, the copositivity of A = (aijķı) coincides with one of 7 = 
(tijk), and hence, we can establish an analytically sufficient condition 


of the (strict) copositivity of a gerenal 4th-order 2-dimensional sym- 
metric tensor A = (ajj;), that can be very easily parsed and validated. 


Corollary 2.2. Let A = (a;jxi) be a 4th-order 2-dimensional symmet- 
ric tensor with its entires a1111 > 0 and az222 > 0. Then 


(1) .A is strictly copositive if 


3 1 1 3 
4 4 4 4 * 
01112 Z 0111102325, 01122 2 —4/0111102222, 01222 2 0431102225; 


(2) A is copositive if 
8/1 NE. 
41112 > —0441102222, 01122 > 4/a111102222, 01222 > —0141102222- 


3  Copositivity of 4th order 3-dimensional 
symmetric tensors 


3.1 Analytical expressions of strict copositivity 


Theorem 3.1. Let 7 = (tijx1) be a 4th-order 3-dimensional symmet- 
ric tensor with [Cisl = bie S tiiij = 1 for all 2,3); k,l € {1, 2,3}. If 
there is at most one —1 in {t1123, t1223, t1233}, then 7 is strictly copos- 
itive. 
Proof. Without loss the generality, let t1123 = —1, 11223 = t1233 LI. 
Then 
Trt =rł + 14 + ira + 6111221222 + 6011332702 + 6122331212 
+ 4xi1z2 + Av1z3 + Avia + 4a 123 + Ax223 + 4x223 


— 122? 2223 + 122, 2323 + 12212222, 


and so, 


3 
X Cj KIL jkT 
j,k,l=1 


3 
1 

Tx? = VT zí = 5 loko gU II 
4 j,k, l=1 


3 
1 t3jkl£ jkT 
j,k,l=1 


It follows from Theorem 1.4 that we need only show that 7 = (ti;x) 
is strictly semi-positive, i.e., for x = (£1,£2,£3)! > 0, there exists 
k € {1,2,3} such that 


x, > 0 and (Tx) > 0. 


For each i € {1,2,3}, we have 


3 
3 3 3 3 2 2 
(Tax à = , Cy jRlLjLRL] = TI + XQ +23 + 3t11221125 + 3511332125 
jii 


3222» 32223 32223 H 3x23 6212223 


>a? + r3 + r3 30103 32122 t 32225 


} 3x? z3 I 30323 322212 6212223 


=(£2 + £3 — zi)? + 202 = a? + (£2 + £3 — Xi +21) 


X ((za + za — x1)? — (x2 + x3 — x1) + 22) 


=x? + (to + £3)((to + £3 — 21)? — z1(22 + 23 — 21) + 22); 


3 
3 y l 3 3 3 2 2 
(Tax )e = loj t 4T RTL = Ty + X + T3 + 3011222102 + 3122331215 
j,k,l=1 


2 
32122 - 322273 32723 32123 + 6212273 
2 2 1 3 


IV 
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2493 + 93 — 3x22 — 32322 + 32122 


3a2z3 32223 | 32123 6212223 


=(x1 +43 — 23)? + 223 + 12112223 — 61223 


=((£1 + £3 — 22)? + 223) + 6z123(215 — 21); 


3 
3 3 3 3 2 2 
(Tx )3 x , t3jkI@jLRL. = T] ox» + r3 + 3ti133 Liza + 31223315173 
j,k,l—1 


32122 | 32222 32722 32102 + 6z1x223 


>a? + 23 + 23 — 32223 — 32223 432122 


| 32212 32225 | 32122 6212223 


=(x£1 + £2 — £3)’ + 273 + 12£1£2£3 — 6:27» 


=((£1 + £2 — 23)? + 223) + 6x1x2(213 — 21). 
So, it follows that 
e xı > 0, (T2?), > 0, which is done; otherwise, 
e xı = 0,22 > 0, (72?)5 > 0; 
e xı = 0,23 > 0, (T2?) 0, 


and hence, 7 is strictly copositive. 


We definite 
T = (Gig) € T = (tig) © Gg € Uii, for all i, j, k,l. 


Then for all x € R}, we have 


n n 

1 A X ) 1 X i 4 

T Tj = Ui Ci jT, < Cp jkI LiL j LEX] = Tx . 
ij, k,l-1 i,j,k l=1 


So, the (strict) copositivity of a tensor 7” implies one of T. Therefore, 
from Theorem 3.1, the following conclusions are obvious. 


Corollary 3.2. Let T = (t;j;;) be a 4th-order 3-dimensional symmet- 
ric tensor. If Ls > latig > ltiz > —1 for all i,j € {1,2,3},2 Æ j 
and one of the following conditions, 

(1) t1123 > —1, t1223 > 1, t1233 > 1; 

(2) t1123 > 1,ti223 > —1, t1233 > 1; 

(3) t1123 > 1, t1223 > 1, t1233 => —1, 
then 7 is strictly copositive. 


Theorem 3.3. Let T = (tijx1) be a 4th-order 3-dimensional symmet- 
ric tensor with tint = i = tiiij = ] for all i, j, k,l € {1, 2,3}. Then 
T is srictly copositive if and only if 


(1) t1122 = t1133 = t2233 = 1 if t1123 = t1223 = t1233 = — 1; 


(2) there is at least one 1 in {t1122, t1133, t2233} if two of {t1123, t1223, t1233} 
are only —1. 


Proof. Necessity. If 7 is srictly copositive, but the conditions don't 
hold. Then for z = (1, 1, Ty. it follows that (1) one of (11122, 01133; t2233 } 
is —1, 

Tx* =a} + 14 + r$ + 6111221222 + 6011332702 + 6122333212 


Agere + Ar]33 + A123 J 42123 - dada 4 Aron 


+ 1211123222213 + 1211223211223 + 1211233111322 
=27 + 12 — 6 — 36 = —3 < 0; 


(2) t1122 = t1133 = t2233 = —1, 
3 
Tat= M tigmmivjxpa, = 27 — 18 — 24 + 12 = —3 < 0. 
i,j,kl=1 


So, 7 is not srictly copositive. 
Sufficiency. (1) Since t1122 t1133 t2233 1 and t1123 = t1223 = 
t1233 = —1, then 


Tat —x1 + 13 +23 + 0x22 6x22 + 01222 
+ Ari xo + Ariza + Av a3 + 4x23 + Aa3xr3 + Aor? 


— 12222223 — 12112223 — 12:12272, 


and so, 


3 
(Tz?) = 5 Utt 


jdd-1l 


=a} + 03 +23 + 32123 + 32123 + 32722 + 32123 


2 
32303 3aox$ — Óxi1x223 


—(x2 + £3 — 21)? + 2x1 + 62122 4 62122 62273 62:522 


=(x_ 4-23 — £1)? + 222 + 6x2(z1 — 23) + 6x3 (a1 — £2); 


3 
3 
(Tax jo = 5 t2jklZ jkT 
i-i 


=x} + x3 +03 + 8ajx + 3x213 + 3x25 + 32523 


— 32223 — Ox12223 — 32122 


=(x£1 + z3 — 23)? + 2x3 + 62223 4 62212 622z3 62122 


=(x1 + £3 — £2)? + 22$ + 6x? (£2 — 23) + 6x2 (22 — z1); 
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3 

3 y ` 
(Tax )3 = C3; KIL jkT 
jkd-l 
3 + z$-F3xz1z3--3z2z3 + 32123 + 32222 


=r +g 


3x? T2 32103 6212223 
223 + 62223 + 6x213 — 62212 — 62172 


223 + 6a? (x3 — 23) + 6z2(z3 — 21). 


=(xı T X32 73)? 


—(zi + T2 23)? 
So, it follows that 
e xı > max(zo, 23), (7 22) > 0, which is done; otherwise, 
e x > max(z1, 23), (7 22)5 > 0; 
e x3 > max(z1,22), (Tx?)3 > 0; 


and hence, 7 is strictly copositive. 


(2) We might take t1122 = t1233 = ] and 01133 12233 01123 
01223 = —1, then 
Tat =x + 13 +23 + 0x1x — 0xx2 — 01222 
} Ari xo H Ariza } Av a3 } Ag 23 } Ax333 H 4q213 


— 12222223 — 12212223 + 12212272, 


and so, 


3 
(Tx?) = 5 tijklTjEkTI 


j,k,l=1 

=r} + x3 +03 + 32123 
3a2z3 I 32222 6212223 

221 + 61122 — 622z3 


32122 + 31723 + 32223 


—(x2 + x3 z1)? 
x1)? + 221 + 6z2(z1 — 23); 


=(x2 X3 


3 
(Ta?) 2 M7 tajam;zkmi 


jdd-1l 
32222 H 32172 + 30303 


=a? + 23 + z3 + 32722 
— 32723 — 62124243 + 30123 
—(z +43 — 23)? + 223 + 62222 — 621223 


6x7 (£2 — 23); 


—(£, + T3 r2)” 225 
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3 
(T£?)3 = 5 t3jkl£ jkT] 


j,k,l=1 
=r + 23 + r3 32213 — 32223 4 32122 | 32212 


32225 3212 + 612223 


=(x1 + 22 — 23)? + 2x3 + 12211323 — 021713 — 62122 


—(z4 + 23 — 23)? + 22$ + 6ziza((z3 — 23) + (£3 — 21)). 
So, it follows that 
e xı > 3 and x > 0, (7a?)4 > 0, which is done; otherwise, 
e 12 > r3 and z2 > 0, (Tx?)2 > 0; 
e x3 > max(z1,22), (Tx?)3 > 0; 


and hence, 7 is strictly copositive. 


Combing the conclusions of Theorems 3.1 and 3.3, the main result 
is bulit in this subsection. 


Theorem 3.4. Let T = (tijkı) be a 4th-order 3-dimensional symmet- 
ric tensor with [Cio] = Ui = tiiij = 1 for all i, j, k,l € (1, 2,3]. 'Then 
T is strictly copositive if and only if 
(1) there is at most one —1 in [t1123, t1223, t1233 }; 
(2) two of {t1123, t1223, 01233] are only —] and there is at least one 1 
in (11122, 51133; t2233}; 


(3) t1123 = t1223 = t1233 = —1 and t1122 = t1133 = t2233 = 1. 


3.2 Analytical expressions of copositivity 


Theorem 3.5. Let 7 = (tijx1) be a 4th-order 3-dimensional symmet- 
ric tensor with |tijntl = bii = lj — ] for all 1,3; k,l € {1,2,3}. If 
there is at most one —1 in {t1123, t1223, t1233}, then T is copositive. 


Proof. Without loss the generality, let t1123 = —1, t1223 = t1233 =; 
Then 


4 uA p uA p uA 2,2 2,2 2,2 
Ta^ =x] + x3 + £3 + 6zx125-- 6x1z$ + 61573 4 Ati1122122 + Atiiat 123 
3 3 3 3 
+ 412332125 + 41333123 + 422231513 + At23331273 
— 12x22323 + 12211223 + 12212223, 
and so, 
BS E M: 2,2 2,2 2,2 
Tat >a, + x3 + x3 4+ 6zqz$5-- Ór1r$ + 63523 


Adz ro — Ar]z3 — 42,23 — 42,23 — 42323 — Axox3 


— 12222223 + 12142223 + 12111222 


—(z, + £2 — £3)* + 8(311y213 — x22 — 2123). 
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Let f(zi,22,23) = (£1 + £2 — z3)* + 8(321 2323 — x3xq — 1123). Then 
the stationary points of the function f(21, 22,273) are the solution to 
this system of equations, 


fi, (21,22, £3) = 4(z1 + 22 — 23)? + 8(32223 — 32222 — 73) = 0, 
f, (1, 22,23) = 4(z1 + 22 — 23)? + 8(612513 — x} — 32122) = 0, 
fo, (21,92, 23) = —4A(21 + 22 23)? + 242,22 = 0, 

i.e., 


32122 + 32223 — 31223 — x3 = 0, 


32123 + 642313 — x? — 31422 = 0, 
(£1 + £2 — 23)? = 62123, 


and hence, 


Z9 = 0 or 321249 + 3z223 — 3a? — r2 =0, 
x, = 0 or 6£2£3 = a, 


(21 + £2 — £3)? = 62123. 


So the stationary pointis y = (0,0,0), and hence, f(0,0,0) = 0. Since 
the boundary of the non-negative orthant {(x1, £2, £3); £1 > 0,22 > 
0,23 > 0} are three coordinate planes, then at these boundary points, 
the function f (z1, £2, £3) give three 4th-order 2-dimensional symmetric 
tensors. It follows from Lemma 2.2 that 


f(0, 22, £3) 2 0, f (z1,0, £3) 2 0, f (£1, £2, 0) 


> 0. 
Thus Trt > f(zi,22,13) > 0 for any x = (x1,22,23)' > 0. That is, 
T is copositive. 


From the proof of Theorem 3.5, the following cinclusion is easily 
obtained. 


Corollary 3.6. Let 7 = (tijkı) be a 4th-order 3-dimensional symmet- 
ric tensor. If for all i, j € {1,2,3} andi Z j, 


tii 21ltuj2ltu;-l 
and one of the following three conditions holds, 
(a) t1123 > —1, t1223 È 1, t1233 > 1; 
(b) t1123 > 1,t1223 > —1, t1233 È 1; 
(c) tu23 > 1,t1223 È 1, t1233 = —1, 
then 7 is copositive. 


Theorem 3.7. Let T = (tijx1) be a 4th-order 3-dimensional symmet- 
ric tensor with [Cisl = bo = tiijj = 1 for all 257; k,l € (1, 2; 3). 'Then 
A is copositive if and only if 
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(1) there is at least two 1 in {tii;37,7 = 1,2,3, 4 A jj if there is only 
two —1 in {t1123, t1223, t1233}; 
(2) there is at least five 1 in [tüijidJj = 1,253.4 Æ j} if t1123 = 
11223 = t1233 = — 1. 
Proof. Necessity. If 7 is copositive, but the conditions don’t hold, then 
for x = (1,1,1)', 
(1) there are five —1 in {tiij; i, j = 1,2,3,1 Æ j}, 


E SA pod PN 9,9 PN 
Ta^ =x] + £3 + £3 + 6xqx$-4 6xj x3 + 62523 


3 3 3 3 
+ Atiii22122 + 411132] 23 + At12222425 + 4t13332123 


3 3 
+ 4122233513 + 4123332273 


+ 1211123221323 + 1211223314213 + 121233111332 
=21 + 4 — 20 — 24 + 12 = —7 < 6; 


(2) there are two —1 in {tiji i,j = 1,2,3,1 F j}, 


3 
Trt = 5 tijkl£i£j£kzi = 21 + 16 — 8 — 36 = —7 < 0. 
i j,k,l=1 


So, T is not copositive, which is a contradiction, and hence, the con- 
ditions hold. 
Sufficiency. 7 z^ may be rewritten as follows, 
Tx =(21 + X2 — 73)4 + 4(t1112 = 1)x? x9 + A(t1229 = 1)ziz3 
+ A(t1333 aT 1)rir3 nn A(t1113 + 1)z]z3 + 4(t2223 + 1)z3z3 
+ A(12333 = 1)xgx3 cp 12(t1123 + 1)221523 
+ 12(t1223 + 1)riz2z3 + 12(t1233 x 1)212222; 


Txt —(z, — 22 + z3) + 4(t1112 + 1)x3 rq + A(£1222 + 1)z123 
+ 4(ti333 — 1)a12 + (fiiis — 1)£? £3 + 4(t2223 + 1)r3£3 
+ A(f2333 + 1)roa3 + 12(f1123 + l)rivaus 
+ 12(t1203 — 1)z12223 + 12(t1233 + 1)£1x213; 


wa N 


Tz =(21 — T2 — z3)* + 4(t1112 + 1)a3 22 + A(t1229 E 1)ziz3 
+ A(t1333 + 1)æ1x3 + 4(t1113 + Lada + 4(t2223 — 1)r323 
+ A(t2333 = 1)r2r3 Ev 12(t1123 "i 1)z22223 


+ 12(t1223 + 1)z1z2z3 + 12(t1233 + 1)212222. 


Clearly, for the boundary points of the non-negative orthant, r — 
(0, £2, £3), (21,0, 23), (£1, £2, 0), it follows from Lemma 2.2 that 7 z^ > 
0. 
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(1) Without loss the generality, let t1112 t2223 t1233 1 and 


t1113 = t1333 = t2333 = t1222 = t1123 = t1223 = —1. Then 
Txt = (z1 + £2 — £3)f + 8x3 (x23 — 21) 


Let f(21,22,73) = Txt. Then the stationary points of the function 
f (21, 22, x3) are the solution to this system of equations, 


^ T1, T2, T3 =4 Tı T T2 — T3 3 — 8r3 = 0, 
zı 


Fri (£1, £2, £3) = A(z1 + £2 — 13)? F 24x3 (£3 — 21) =0, 
fa, (£1, 22,23) = —4(z1 + 22 — 13)? + 8x3 = 0, 


and hence, 


zı + T2 — T3 = V2ro > zi — T3 = (4/2 — 1)z2 
1 
xj--3z2(z3 — 21) = 0 > x2 =0 or £1 — T3 = 3?» 
ie. £2 = 0,2, = x3. Therefore, the stationary points are y = (21,0, 21) 
on the non-negative orthant, and hence, 


f(z1,0,2301) = 0 > Tyt — 0. 


So Tx* > 0 at the stationary pointis and the boundary points, and 
then Txt > 0 for all z > 0. That is, T is copositive. 

(2) Let t1113 = t1333 = t2333 = t1222 = t2223 = 1 and t1112 = —1 
without loss the generality. Then 


Tat = (zi — 22 + z3)^ + 8(x123 + r3x£3 + 223 — 3212223). 


Let f(zi,22,23) = T x^. Similarly, solving the stationary point equa- 
tions, 


fi, (G1, %2,%3) = 4(a1 — £2 + £3)? + 8z2(z3 — 323) = 0, 
fla (£1, £2,£3) = —A4(x1 — £2 + £3)? 
+8(3x112 + 31223 + 23 — 6112223) = 0, 
fos (£1, £2,£3) = 4(x1 — £2 + x3)? + 8ro(x2 + 3x} — 32123) = 0, 
that is, 


(zi — £2 + 23)? + 273 (xq — 313) = 0 
3aa(r2 — £1£2 + 1323) = 0 > x9 = 0 or 2122 = 13 (x3 + 12) 
r3 + z3 + 3x1 22 (x9 = 2x3) = 0, 


This yields zı = x2 = x3 = 0 on the non-negative orthant. Therefore, 
the stationary point is y = (0,0,0), and hence, Ty* = f(0,0,0) = 0. 
So Tx* > 0 at the stationary pointis and the boundary points, and 
then Txt > 0 for all z > 0. That is, T is copositive. 
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Combing the conclusions of Theorems 3.5 and 3.7, the main result 


is established in this subsection. 


Theorem 3.8. Let T = (tijx1) be a 4th-order 3-dimensional symmet- 
ric tensor with [Cisl = b = tiijj = 1 for all i, j, k,l € (1, 2; 3). 'Then 


A is copositive if and only if 


(1) there is at most one —1 in {t1123, t1223, t1233 }; 


(2) there is only two —1 in {t1123, t1223, t1233} and there is at least 


(3) t1123 01223 t1233 —] and there is at least five 1 in Abos i,j = 


1,2,3, i 4 j}. 


3.3 Applications of a gerenal tensor 


In this subsection, we apply Theorems 3.4 and 3.8 to find the (strict) 
copositivity of a gerenal 4th-order 3-dimensional symmetric tensor, 
and moreover, these analytic conditions can be very easily parsed and 


verified. 


For a 4th-order 3-dimensional symmetric tensor T = (t;jji) with 
its entires tii > 0 for all i € {1,2,3}, let 7' = (ti jeu) be a symmetric 


tensor with its entires t1111 = thooo = th333 = 1 and 


3 1 1 1 1 3 
/ = ^4 4 4 / — (UB 2. / = ^4 4 4 
ti112 = t1112t1111t2222; t1122 = t1122t1111t2222; t1222 = 'i2220102255; 
; ee ae = a EIS 3k 
— 4 4 eR 2 2 -— 4 4 
t1113 = t1113t1111t3333> t1133 = t1133t1111t3333> t1333 = t1333t1111t3333> 


3 1 1 3 
15223 = 122231255513333: 15233 ES 122330255213333: 15333 = 123330255203333: 
-—— — ee PD MEN 
Üjos = 1123011102222 03333: 01553 = 112230411102222103333: 
i ee 
011533 = t1233t1111t2222t3333- 


1 1 1 
For y = (y1, 42,43)" and x = (£1, £2, £3)! = (t1191, 0222292; 133333 


then 


Ty. —huuyt + 42922 + 651229292 + 4t12221A 2 + 1222293 
+ Atiisyiys + 6triasyiy3 + 4t1333Y1Y3 + t3333Y3 

+ 4t2223Y3Y3 + 012233123 + 4to3334243 

+ 12t1123y1 V2 + 1211223919293 + 12tros3y1yoy3 


E / 3 / 2,2 / 3, A 
=T] + by 9%] L2 + 604552175 + 4t15551125 + T3 


1 3 / 22 / 3 4 
+ 4t1 13% %3 + 6041332103 + 4013331103 + 23 


1 3 / 2 2 / 3 
+ 405553103353 + 6055331523 + At53331213 


/ 2 1 2 1 2 
+ 126) 40307 L203 + 1201553212523 + 1201533211273 


=T' xt . 
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s 


, 


It is obvious that the copositivity of symmetric tensor 7 = (tijkl) is 
equivalent to the copositivity of 7^ = (t/,;,,). So, applying Corollaries 
3.2 and 3.6 (or Theorems 3.4(1) and 3.8(1)) to establish easily the 
following conclusions . 


Theorem 3.9. Let T = (tijx1) be a 4th-order 3-dimensional symmet- 
ric tensor with tii > 0 for all i € {1,2,3} . Assume that one of the 
following three conditions holds, 
1 i 1 i 1 1 1 1 i 
(a) 51193 2 —ti111t2222t3333> 61223 2 Uiit222213333: 11233 2 Ul2222033335 
H 1 1 H d 1 1 1 H 
(b) 51123 2 Uiiit222203333: 11223 2 —tihiiit222203333; 11233 2 U111222213333; 
H 1 1 1 H 1 a 1 1 
(c) t1123 2 U110222213333: 11223 2 U3110222213333: 01233 2 —ti111t2222t3333- 


Then (1) 7 is strictly copositive if for all 7, j € {1,2,3} and i Z j, 


3 1 
ice ees E PEE 4 d ss 
tiijj Z tuj tug 2i» 


(2) T is copositive if for all i, j € {1,2,3} and i Z j, 


$ 1 
bigs 2 Vlüütjjj tiiij 2 tj 
From Theorems 3.4 (3) and 3.8 (3), the following conclusions are 


established easily. 


Theorem 3.10. Let 7 = (tijjj) be a 4th-order 3-dimensional sym- 
metric tensor with ¢;;;; > 0 for all à € {1,2,3} . Assume that 


1 1 1 1 1 1 1 1 $ 
2 p a p 2 a p a 2 
51123 2 —ti111t2222t3333> 51223 2 — th) 11 b2209t3333, t1233 2 — th) 11 t2229¢3333- 


Then (1) T is strictly copositive if for all i, j € {1,2,3} and i Z j, 


tjj Z tuti tiiij 2 TUNE 
(2) T is copositive if for all i, j € {1,2,3} and i Z j, 
tjj 2 y tiiiitjjjj 
and there is one tyre € {tiiij; i, j = 1, 2,3, i A j} such that 


3; ad 352 
tkkkl > —t' atu and tiiij zm Uil; for all tiiij Æ tkkkl- 
From Theorems 3.4 (2) and 3.8 (2), the following conclusions are 
established easily. 


Theorem 3.11. Let 7 = (tjj) be a 4th-order 3-dimensional sym- 
metric tensor with tii > 0 for all i € {1,2,3} . Assume that one of 
the following three conditions holds, 
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I ovis A i. eb. ct i de Up 
(a) t123 > —t1iiit222203333: t1223 2 — 10222213333: t1233 > ti111t2222t3333; 
ay At al a Mt ev i^ eae) AD 
(b) t1123 2 U110222213333: 11223 2 —Uhl222203333; 11233 2 —ti111t2222t3333; 
3: xb ha Y. He qu MC 
(c) t1123 > —t1111t222203333; t1223 = ti111t2222t3333: t1233 > —ti111t2222t3333- 
Then (1) T is strictly copositive if for all i, j € {1,2,3} and i Z j, 


3 


1 
P 4 +4 
tiiij 2 E 


and there is one tre € (145; i, j = 1,2,3,i Æ j} such that 
teku > Vtrkkktuu and t5; > — /tiit;;;; for all tij; A teku- 
(2) T is copositive if for all i, j € {1,2,3} and i Z j, 
tjj 2 y tiiiitjjjj 
and there is two tyre, tsssr € {tiji i, j = 1,2,3,1 Æ j} such that 


3 1 3. 1 
tkkkl 2 Lek lo lsssp 2 tésstrrrr 


and for all tii; € (tui: j = 1,2,3,0 4 j} \ {tkkkl tsssr}, 


3 1 
um 14.414 
tiiij 2 nts 


4 Conclusions 


For a 4th-order 3-dimensional symmetric tensor with its entries 1 or 
—1, the analytic necessary and sufficient conditions are established 
for strict copositivity and copositivity, respectively. These conditions 
can be applied to verify (strict) copositivity of a general 4th order 
3-dimensional symmetric tensor. 
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